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Abstract

Variational Autoencoders (VAEs) play a crucial
role in deep generative modeling that involves la-
tent variables. The choice of prior distribution in
the latent space significantly impacts reconstruc-
tion quality and performance in downstream tasks.
Motivated by the concept of the Minimum Vari-
ance Unbiased Estimator from classical statistics,
we propose a novel approach for evaluating la-
tent representation in deep variable learning. We
cast the problem of latent representation learning
as finding an unbiased representation with lower
variance, leading to the development of a Min-
imum Variance Unbiased Autoencoder (MVU-
AE). The MVU-AE incorporates a flexible prior
distribution, ensuring a more accurate, informa-
tive and complete latent space for image repre-
sentation. Extensive experiments demonstrate the
effectiveness of MVU-AE for image reconstruc-
tion and generation tasks on natural and human
face datasets, achieving significant improvements
in performance. Furthermore, MVU-AE exhibits
superior generalization across multiple datasets
and excels in unconditional generation when inte-
grated with diffusion models.

1. Introduction

Variational Autoencoders (VAEs) (Kingma, 2013; Kingma
et al., 2014) have emerged as a prominent class of gener-
ative models that learn probabilistic latent representations.
By effectively mapping high-dimensional data into a com-
pact latent space, VAEs facilitate efficient representation
learning while preserving essential information about the
underlying data distribution. This fundamental capability
has led to their widespread adoption across diverse domains,
including image and video generation (Razavi et al., 2019;
Hu et al., 2022), audio processing (Mao et al., 2023; Li et al.,
2021), natural language processing (Chien, 2019; Yang et al.,
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Figure 1. Latent Alignment Bias. The data distribution p(X) (or-
ange line) and the learned latent distribution (blue area) show a
misalignment in VAE, RV-VAE and WAE, especially multimodal
patterns, which are omitted in VAE and RV-VAE. In contrast, our
proposed MVU-AE achieves a well-aligned, expressive latent rep-
resentation that accurately models p(X).

2020), and unsupervised learning (Nasiri & Bepler, 2022;
Lee et al., 2020). A critical aspect of VAE applications lies
in their ability to learn well-structured latent representations,
which not only enhance the quality of generated samples but
also significantly improve reconstruction fidelity - a crucial
requirement for many downstream tasks.

Despite notable progress, latent representation learning of
VAE:s continues to grapple with significant challenges. A
prominent issue is posterior collapse, which has spurred
the development of various strategies, such as introducing
hyperparameters (Higgins et al., 2017), utilizing optimal
transport (Hao & Shafto, 2023), adopting mixed priors (Bai
et al., 2022), discretizing the latent space (Van Den Oord
et al., 2017), etc. Nevertheless, these approaches still fall
short of exploring the underlying structural inefficiencies
in VAEs’ latent representation learning. A key limitation
is that VAEs impose a predefined prior on the latent space,
which often misaligns with the true data manifold. While
techniques like posterior regularization and discretization re-
shape the latent space, they introduce additional constraints
that distort rather than preserve the underlying structure.
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Figure 2. Structural Inductive Bias. The true latent distribution
is depicted in (a), while the latent distributions learned by the
standard VAE and VQ-VAE exhibit deviations from the true data
manifold, as shown in (b) and (c). In contrast, our proposed MVU-
AE better preserves the true latent geometry, as illustrated in (d).

In this work, we systematically identify two fundamental
issues in VAEs’ latent representation learning. First, latent
alignment bias: A misalignment arises between the latent
representation 2z and the input data X. Due to suboptimal
encoding mechanisms, the learned latent representation may
either omit essential information from X or encode irrele-
vant details, as depicted in Fig. 1. As a result, the model
struggles to capture complex structures such as multimodal
distributions, ultimately reducing its generative and recon-
structive capabilities. Second, structural inductive bias: The
learned latent space may be structurally misaligned with the
intrinsic geometry of the data manifold. As illustrated in
Fig. 2, imposing a fixed prior or discretizing the latent space
can artificially constrain its shape, preventing it from flexi-
bly adapting to the true data distribution.

We propose to learn a flexible and informative latent rep-
resentation, which should satisfy three conditions, termed
deep Minimum Variance Unbiased (d-MVU) conditions.
These conditions are inspired by the statistical concept of
the minimum variance unbiased estimator (Blackwell &
Girshick, 1947; Lee, 1990), establishing a theoretical con-
nection between latent representation learning and the prob-
lem of finding an optimal, unbiased estimator with minimal
variance. d-MVU conditions include three fundamental con-
ditions, which are rigorously derived to correspond to the
classical statistical properties of unbiasedness, sufficiency,
and completeness. This formulation provides a principled
extension of statistical estimation theory to the domain of
deep learning, offering a feasible approach for evaluating
and developing high-quality latent representations.

To enforce these conditions, we introduce the Minimum
Variance Unbiased Autoencoder (MVU-AE), a novel ar-
chitecture designed to constrain the learned latent repre-
sentation to adhere to the -MVU conditions. Rather than
utilizing KL divergence to constrain the latent representa-
tion to be close to a predefined prior distribution that leads
to latent alignment bias and structural inductive bias, our
framework incorporates a specialized form of latent-space
regularization that penalizes non-informative subspace in z
while capturing all essential information from the dataset X.

This allows the latent representation learning to avoid latent
alignment bias and structural inductive bias, thus improving
the ability of reconstruction and generation. We extensively
evaluate our approach through comprehensive experiments
on three benchmark datasets: ADE20K, CelebA-HQ, and
FFHQ, demonstrating superior performance in both image
reconstruction and generation tasks. We further conduct
cross-domain experiments on three additional datasets to
demonstrate the generalization capability of our model.

In a nutshell, our contributions are summarized below:

* Following the concept of minimum variance unbiased
estimator, we propose a novel term the d-MVU con-
ditions in deep learning and combine latent represen-
tation training with finding a representation satisfying
d-MVU conditions problem. We also use d-MVU con-
ditions to evaluate existing VAEs.

¢ We introduce the MVU-AE, which features a flexible
and informative latent space and achieves accurate la-
tent representation by devising a regularization term to
ensure d-MVU conditions. d-MVU conditions prevent
structural inductive bias as well as latent alignment
bias altogether.

2. Related Work

2.1. Variational Autoencoder

VAEs were first introduced in (Kingma, 2013), where the
latent variables are sampled from a probability distribution
instead of being deterministic. This approach enables VAEs
to model latent distributions and generate diverse samples,
making them highly suitable for tasks like image synthesis
and semi-supervised learning.

One of the critical challenges in VAEs is balancing the re-
construction quality and the quality of the learned latent
space. The original formulation often suffers from issues
like posterior collapse (Chen et al., 2016; Lucas et al., 2019;
Dai et al., 2020), where the encoder learns to ignore the
latent variables, leading to poor generative capabilities. To
address this, several techniques have been proposed, such as
(B-VAEs (Higgins et al., 2017), which introduce a weighting
factor to control the trade-off between reconstruction loss
and KL divergence. Similarly, VQ-VAEs (Van Den Oord
et al., 2017) replace the KL divergence with a discrete code-
book and quantization loss, yielding more interpretable la-
tent representations.

Another prominent line of research focuses on hierarchical
VAEs (S¢gnderby et al., 2016; Maalge et al., 2019), which
introduce multi-scale latent spaces to capture complex data
distributions more effectively. These models have shown
promise in generating high-resolution images and capturing
fine-grained details. However, their increased complexity
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often requires careful tuning and computational resources.

In contrast to adding complexity to network architectures,
our work concentrates on refining the latent representation
directly. We aim to heighten reconstruction quality by ensur-
ing the unbiasedness, sufficiency and completeness of the
latent representation and attaining a more accurate, flexible
and informative distribution.

2.2. Latent Representation Optimization

There have been several methods to improve latent repre-
sentations by various ideas. VQ-VAE (Van Den Oord et al.,
2017) and VQGAN (Esser et al., 2021) employ discrete
latent representation. SVAE (Bendekgey et al., 2023) allows
for unbiased learning to improve the fidelity and expressive-
ness of latent space and (Li et al., 2014) proposed learning
unbiased features to mitigate bias in learned representations,
enhancing the robustness of latent space for downstream
tasks. Apart from exploring better representation in discrete
latent space, HVAE (Caterini et al., 2018) augments the vil-
lina VAE with Hamiltonian dynamics to improve posterior
inference; (Salimans et al., 2015) and (Wolf et al., 2016)
introduced a hybrid framework combining Markov Chain
Monte Carlo (MCMC) and variational methods, enabling
a more accurate approximation of posterior distributions.
However, these methods do not answer what a good latent
representation looks like. Following the concept of mini-
mum variance unbiased estimator, we propose a solution
involving an accurate, flexible and informative latent repre-
sentation to tackle these challenges effectively.

3. deep Minimum Variance Unbiased (d-MVU)
Conditions

As outlined in Sec. 1, two primary concerns on latent rep-
resentation pose significant challenges: 1) Latent Align-
ment Bias: The learned latent space often encodes non-
informative or irrelevant features, failing to capture essen-
tial aspects of the data. 2) Structural Inductive Bias: Even
when the latent space is informative, it may still deviate
from the true underlying data structure due to imposed con-
straints or assumptions. These biases collectively lead to
suboptimal outcomes, such as low-quality image reconstruc-
tion and limited interpolability of the latent space. In this
work, we principally derive deep Minimum Variance Un-
biased conditions that the latent space distribution should
satisfy, ensuring both alignment with the data distribution
and structural fidelity.

3.1. d-MVU Conditions for Deep Generative Models

Most generative models assume that a real-world dataset
X = {x;}}_, is sampled from an underlying distribution
p(X). A common approach is to use a §-parameterized

probabilistic model pg(X), trained by the maximum likeli-
hood technique:

0 < arg max Ex~p(x) [logpe(X)] . 1

In contrast, we adopt a different perspective. We treat the
latent representation z itself as the key “parameter” that de-
scribes the data’s real distribution, denoted by z*. Formally,
we assume the existence of a hidden factor z* such that each
observed z; in the dataset is generated via a conditional
probability:

x;~pla|2®), i=1,...,n. 2)
Instead of directly estimating a parameter 6 for a predefined
model, we frame latent representation learning as an esti-
mation problem, where the goal is to construct a function
f(X; z*) that provides an optimal estimator Z for the true
latent variable z*. And the optimal representation is

d

MVU(X;z") = arg min

E[f(X;2%)]=2"

Var(f(X;2%)  (3)

To ensure that 2 is an optimal estimator of z*, we frame
the problem within the context of the Minimum Variance
Unbiased Estimator (Blackwell & Girshick, 1947; Lee,
1990), inspired by statistical estimation theory. Grounded
in this principle, we establish a strategy for latent represen-
tation learning informed by the Lehmann—Scheffé Theo-
rem (Lehmann & Scheffé, 1950; 1955), which characterizes
the conditions-unbiasedness, sufficiency and completeness-
under which a statistic is an minimum variance unbiased
estimator.

Under the minimum variance unbiased estimator, the fol-
lowing conditions must be satisfied:

¢ Unbiasedness:

E[2(z1,22,...,2,)] = 2" 4)

¢ Minimum Variance:

xn)]. (5)

Z=arg min Var[Z(x1,z2,...
E[z]=2*

However, verifying that Z satisfies the conditions of the
minimum variance unbiased estimator is often infeasible in
practice. Specifically, Ensuring minimum variance in classi-
cal estimation requires comparing all unbiased estimators,
an approach that becomes infeasible in high-dimensional
latent spaces where deep generative models operate. Further-
more, in deep learning, where functions are parameterized
by neural networks, verifying sufficiency and completeness
is inherently challenging. To address these challenges, we
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propose deep Minimum Variance Unbiased (d-MVU) con-
ditions that extend classical MVUE principles to deep latent
representation learning.

The d-MVU conditions are defined as follows:

» Unbiased: The expected value of Z equals the true
latent variable z*:

E[2(x1,22,...,2,)] = 2", (6)

* Sufficiency: 2 captures all the information in

Z1,...,T, about z*. This implies:
I(X;2% | 2) =0, 7
where I(+;- | -) denotes conditional mutual informa-

tion. This condition ensures that Z encodes all the rel-
evant information about z* that is present in X, such
that conditioning on Z leaves no additional information
about z* in X.

¢ Completeness: Z must not have any unused or redun-
dant dimensions. Formally, if a nontrivial function
f(2) exists such that:

then f(Z) must be identically zero, i.e., f = 0. This
ensures that 2 fully utilizes its representational capacity
without encoding unnecessary or redundant informa-
tion, thereby preventing the existence of latent dimen-
sions that do not contribute meaningfully to represent-
ing z*.

Proposition 1: If Z is a sufficient statistic of z*, then
I(X;2*]2)=0.

Proof: According to the Fisher-Neyman Factorization The-
orem (Halmos & Savage, 1949), if 2 is sufficient, the joint
distribution of X and z* can be factorized as:

Py w05 2%) = f2 (21, w0); 27)g(20, 0 T).
)

This implies:
p(X | 2,2") =p(X | 2), (10)

and consequently:
I(X;2"|2)=H(X|2)—-H(X|z%2)=0. 1D
Thus, all information about z* in X is fully captured by 2.

Proposition 2: If Z is a complete statistic of z*, there exists
no free dimension or redundant subspace in 2.

Proof (by contradiction): Assume there exists a redundant
subspace U in 2, and let u € U. If E[u] = 0, we can con-
struct a nontrivial function g(u) with E[g(u)] = 0, violating

the definition of completeness. Thus, Z must have no unused
dimensions. The converse direction also holds; a detailed
proof is provided in the Appendix. A.1.

By Proposition 1 and Proposition 2, we establish that the
d-MVU conditions align with the classical principles of
unbiasedness, sufficiency, and completeness in statistical
estimation theory. d-MVU conditions provide a practical
and theoretically grounded framework for learning optimal
latent representations in deep models. This structured ap-
proach directly addresses the fundamental challenges in
VAE-based models:

Since Z is a sufficient and complete statistic of z*, it fully
captures the underlying structure of X, preventing mis-
matches between the learned and true latent distributions,
avoiding latent alignment bias. The unbiasedness and com-
pleteness conditions ensure that Z avoids unnecessary con-
straints or distortions, allowing it to adapt flexibly to the
intrinsic data manifold, eliminating structural inductive bias.

Thus, the -MVU conditions provide a rigorous yet practical
criterion for evaluating and optimizing latent representations
in deep generative models, enhancing their expressiveness,
efficiency, and adaptability in high-dimensional settings.

3.2. d-MVU Conditions for Assessing Latent
Representations

In an autoencoder setting, we typically assume that there
exists a “true” latent representation z* that governs the gen-
eration of data points x. Various latent representations in
autoencoders can be interpreted as attempts to estimate z*
from a finite sample {z1,...,z,}. Specifically, we can
denote the latent representation as:

2 (zi) = fo (i), (12)

where f; is the encoder function. From a statistical perspec-
tive, Z (x) acts as an estimator of the underlying z*.

We now assess how VAE-based models meet or violate the d-
MVU conditions, evaluating their latent representations for
unbiasedness, sufficiency, and completeness, and analyzing
how structural constraints introduce latent alignment bias
and structural inductive bias.

Existing VAEs can be broadly categorized into two cate-
gories based on their latent representations:

Latent representations in VAEs with priors do not sat-
isfy d-MVU conditions: VAEs impose a prior p (z), often
N (0,1), alongside an encoder gy (z|z), which approxi-
mates p (z|z), and a decoder pg (z|z). The Evidence Lower
Bound (ELBO) serves as the objective function:

Lyge = Ez~q¢(z\af:) [Ingﬁ (l’|Z)] -D [Q¢ (Z|£L’) Hp (Z)] :
(13)
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The KL term forces g4 (z|x) to be close to p (z) = N (0, ).
The estimator of z* in VAEs is given by:

z (CE) = ]Ezwqd)(zla:) [Z] . (14)

The expectation of Z can be expressed as:

Eyp(alz) 2 (®)] = /2(x)p(x|z*)d;v

:/(/zq¢ (z|x)dz>p(x|z*)daj.

15)

Due to the KL term, g4 (zlz) — N (0,I), so
J zag (z|x) dz — 0. Thus, B, p(z)z) [2 (2)] = 0 # 2%
This demonstrates that the prior pulls” the expectation of
z towards the prior distribution’s mean rather than the true
z*. Consequently, the latent representation z in VAEs is
neither satisfied with d-MVU conditions of z* nor an unbi-
ased estimator of z*. Furthermore, it can be shown that Z in
VAE:s is neither sufficient nor complete. Detailed proofs are
provided in Appendix A.2.

Thus, VAEs inherently suffer from both latent alignment
bias and structural inductive bias. The prior p(z) introduces
a structural constraint that misaligns the latent representa-
tion with the true data manifold, limiting its expressiveness
(structural inductive bias). Simultaneously, the encoder’s ad-
herence to the prior causes the latent representation to omit
crucial information or encode unnecessary details, further
misaligning it with input data (latent alignment bias). These
constraints impose an upper bound on VAE, preventing it
from fully capturing the true generative factors of X.

Discrete latent representations in VQ-VAE are also not unbi-
ased: In VQ-VAE (Van Den Oord et al., 2017), a codebook
{ex }H< | is learned; the latent representation is defined as:

zq (x) = arg Helin IE () — ekl (16)

Let the residual be r (z) = E(x) — 24 (z). Assuming
an optimal scenario where the Straight-Through Estimator
(STE) trick ensures encoding E (z) is correctly optimized
and unbiased, we have:

Elzy (2)] =E[E(2) —r (0)] = = —E[r (2)]. (17)

For E [z, (z)] = #*, it is necessary that E [r ()] = 0. Un-
fortunately, there is no guarantee that clustering will result
in a zero-mean residual. Therefore, z, is not an unbiased
representation of z*. However, it can be shown that z, in
VQ-VAE is both sufficient and complete. Detailed proofs
are provided in Appendix A.3.

In summary, VQ-VAE primarily suffers from structural in-
ductive bias. The discretization step forces the latent repre-
sentation to be constrained within a finite set of codebook

entries, which may not fully align with the underlying data
manifold. This constraint distorts the latent space, limit-
ing its ability to smoothly capture variations in X. Unlike
VAESs, VQ-VAE preserves sufficiency and completeness,
but its discrete structure introduces an inherent trade-off
between expressiveness and reconstruction accuracy.

4. Minimum Variable Unbiased Autoencoder
(MVU-AE)

The d-MVU conditions provide a systematic framework for
assessing latent representations in deep generative models.
However, traditional VAEs and VQ-VAEs do not satisfy
these conditions due to the imposed prior and discretization
constraints, respectively. To address these limitations, we
introduce the Minimum Variance Unbiased Autoencoder
(MVU-AE), which directly optimizes a learnable latent dis-
tribution to eliminate both latent alignment bias and struc-
tural inductive bias while satisfying the three d-MVU con-
ditions.

The full training objective of MVU-AE is given by:

Laivu—AE =Lrec + Lquant
=[x — (> + [lse[E(@)] = z[l;  (18)
+ s [24] = E@)];
where sg[-] denotes the stop-gradient operation, and z is
the quantized latent representation.

Unlike traditional approaches that directly replace E(x)
with z4, MVU-AE uses a soft penalty without substituting
Z with ey,.

Lemma 1. Under the constraint of Lqyan;, any shift in 2 will
result in an increase in Lqyan;.-

Proof. Let 25(x) = 2(x) + 0, and for each z, let the best
matching centroid be:

K (2:6) = argmin | £5(x) — x|
Define the quantization loss as:

[rquant((s) = AE, [||25(x) — Gk (6)“2} : (19)

Since ey~ (§) represents the centroid of all points assigned
to cluster k, we have:

1 .
er-(0) = m Z Zs(z),
RO wese(8) (20)
Sk(6) = {z : k" (z;6) = k}.
Expanding the residual shift and analyzing the centroids,

we find that any deviation in ¢ increases Lquan. Detailed
derivation is provided in Appendix A.4.
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Lemma 2. A shift in Z does not increase the reconstruction
loss Liec.

Proof. The reconstruction loss is defined as:

Liec =E,; [||lz — Do(2(2))]%] . 1)

Under a shift 25(x) = 2(x) 4 J, the decoder parameters Dy
can be updated to accommodate the shift, ensuring that L.
remains unchanged. Detailed proof is in Appendix A.5.

The d-MVU conditions provide a practical method for eval-
uating whether a latent representation is a good estimator.
Unlike traditional approaches in classical statistics, which
are infeasible in high-dimensional or implicit-function set-
tings, d-MVU conditions simplify the verification process
by breaking it into three manageable criteria: unbiased rep-
resentation, sufficient representation, and complete repre-
sentation.

Proposition 3. The latent representation of MVU-AE satis-
fies the d-MVU conditions.

Proof. Suppose:
6= EmNP(z‘Z*) [2(:1:)] -z 75 0. (22)

Lemma 1 establishes that the quantization loss penalizes
deviation ¢ from the optimal latent representation. Lemma
2 ensures that reconstruction quality remains stable despite
shifts in 2, implying that learning dynamics will not intro-
duce bias. Since any deviation from the true z* increases the
total loss, the optimal solution must satisfy E[2(z)] = z*,
proving unbiasedness.

We further prove Z satisfies sufficiency:

I(z*,z|2)=H (z|2) — H (z|z", 2)

= H (z|2) < H (z]z4) — 0. (23)

Additionally, 2 satisfies completeness, as completeness in
the d-MVU framework ensures that every latent dimension
meaningfully contributes to the representation. Any unused
subspace in Z increases the quantization loss, as the residual
variance in these dimensions creates additional reconstruc-
tion error. As training progresses, this redundancy is pe-
nalized, causing the optimization process to collapse these
subspaces to zero. Thus, MVU-AE inherently removes free
dimensions, ensuring a complete representation.

The optimization of Lgy.n €ncourages all latent dimensions
to align with the nearest cluster centroid. Suppose there
exists a leftover subspace U, with some dimension v € U
contributing noise or redundancy. During training, the quan-
tization process penalizes this redundancy, as the distance
between 2 and the assigned centroid e increases in the
presence of unused dimensions. This penalty forces the

optimization to reduce the variance in u, effectively collaps-
ing the subspace U/ and ensuring that all latent dimensions
contribute to meaningful representation.

Moreover, the iterative adjustment of centroids based on the
assigned points (Eq. 20) ensures that the latent clusters are
refined to minimize redundancy. Any residual variance in
unused subspaces directly contributes to the quantization
loss, driving the model to eliminate such residuals over
successive updates. As a result, the latent representation 2
becomes complete, with no leftover dimensions.

Formally, we prove it by contradiction. Based on Propo-
sition 2 in 3.1, it’s sufficient to prove there is no leftover
space in 2. Assume there exists a leftover subspace U{ in 2,
with u being one of its dimensions. This implies that 2 is
uniformly random with a mean of 0 across all clusters on
dimension u:

DN Gul@) = (en),)’ (24)

Zu(z) =0, (25)

and this term contributes directly to Lquan and will be min-
imized during optimization. Consequently, 2, (x) ~ 0 for
all z, as the optimization progresses.

Therefore, there is no leftover subspace in 2, and the latent
representation satisfies completeness.

Verifying the completeness of Z under the minimum vari-
ance unbiased estimator concept directly is abstract and
inherently complex. The proof requires explicitly construct-
ing functions related to Z, which is particularly challenging
in general cases due to the implicit nature of Z in deep learn-
ing. This difficulty highlights the significant advantage of
the d-MVU conditions, which offers a more practical and
systematic approach to evaluating completeness.

In summary, MVU-AE is the first deep generative model
that explicitly optimizes a latent representation to satisfy
the d-MVU conditions. MVU-AE learns an adaptive latent
distribution that remains unbiased, sufficient, and complete.
By ensuring d-MVU conditions, MVU-AE not only elimi-
nates structural inductive bias and latent alignment bias but
also improves expressiveness and generative quality. Empir-
ical results validate its superiority in image reconstruction
and downstream tasks, demonstrating its potential as a new
paradigm for deep generative modeling.
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5. Experiments
5.1. Experimental Settings

Datasets. For comparison with exisiting methods, we con-
duct the mdoel training on ADE20K (Zhou et al., 2017),
CelebA-HQ (Liu et al., 2015) and FFHQ (Karras et al.,
2019) datasets respectively, for image reconstruction. To
further demonstrate the generalization capabilities of our
method, we extend our evaluation to cross-domain datasets,
including MS-COCO (Lin et al., 2014), LSDIR (Yu et al.,
2021), and DIV2K (Timofte et al., 2017). Additionally, we
undertake unconditional generation task on the CelebA-HQ
dataset integrating to diffusion model. We also evaluate in-
terpolativity by Perceptual Path Length (Karras et al., 2019).

Implementation details. In our implementation, all the
models compress the input 256 x 256 images into the 64 x 64
latent representations, corresponding to a downsampling fac-
tor of f = 4. For the reconstruction task, we set the batch
size to 40 and the model is trained for 80 epochs. For the
generation task, the batch size is increased to 120, and the
model is trained for 200 epochs. All the experiments are con-
ducted on 8 NVIDIA RTX 3090 GPUs with 24GB of mem-
ory. For the optimization process, we utilize the AdamW
optimizer (Loshchilov, 2017) with parameters 5; = 0.9 and
B2 = 0.95, and a base learning rate of 2 x 1076,

Metrics. On image reconstruction and cross-domain eval-
uation tasks, we use PSNR, SSIM, LPIPS to evaluate the
model’s capabilities from various aspects. For uncondi-
tional generation tasks, we use FID (Heusel et al., 2017), IS,
Precision and Recall for comparison.

5.2. Quantitive Evaluation

Reconstruction experiments are conducted on the ADE20K,
CelebA-HQ and FFHQ datasets. The comparative results
are detailed in Tab 1. It is noteworthy that our model out-
performs VAE (Kingma, 2013; Kingma et al., 2014), VQ-
GAN (Esser et al., 2021), WAE (Tolstikhin et al., 2017),
RV-VAE (Nicodemou et al., 2023) by 1.86, 1.49, 1.31, 0.65
dB in PSNR, 0.07, 0.65, 0.04, 0.02 in SSIM and 0.031,
0.032, 0.018, 0.012 in LPIPS on ADE20K. On CelebA-HQ,
compared to VAE, VQGAN, WAE and RV-VAE, there is a
3.11, 1.54, 2.15, 1.77 dB improvement in PSNR, 0.09, 0.04,
0.05 and 0.04 performance gains in SSIM and 0.032, 0.011,
0.014 improvement in LPIPS. Additionally, our model sur-
passes VAE, VQGAN, WAE, RV-VAE by 0.75, 2.71, 0.63,
1.07 dB in PSNR, 0.02, 0.07, 0.02, 0.02 in SSIM, and 0.016,
0.09, 0.01, 0.009 in LPIPS on FFHQ dataset. Moreover, it is
important to highlight that our model has lower variance of
latent representation, shown in Tab. 4. These observations
demonstrate that our model can reconstruct well on different
datasets. Previous methods face challenges in reconstructing
images without unbiased or sufficient or complete latent rep-

Table 1. Quantitative comparison of image reconstruction with VQ-
GAN (Esser et al., 2021), VAE (Kingma, 2013), RV-VAE (Nicode-
mou et al., 2023), WAE (Tolstikhin et al., 2017) on the ADE20K,
CelebA-HQ and FFHQ datasets.

ADE20K CelebA-HQ FFHQ

PSNR1 SSIM? LPIPS| PSNR1 SSIM1 LPIPS| PSNR1 SSIM{ LPIPS

Method

VAE 2556 0.76 0.098 2840 0.80 0.081 2895 0.84 0.058
VQGAN 2593 0.78 0.099 2997 0.85 0.060 26.99 0.79 0.132
WAE 26.11 0.79 0.085 29.36 0.84 0.063 29.07 0.84 0.052
RV-VAE 26.77 0.81 0.079 29.74 0.85 0.058 28.63 0.84 0.051
Ours 2742 0.83 0.067 31.51 0.89 0.049 29.70 0.86 0.042

Table 2. Unconditional genereation results on CelebA-HQ of dif-
ferent models.

Method FIDJ IST Prec.t Recallt
VAE 31.73 3.18 0.41 0.50
VQGAN 81.01 3.20 0.25 0.29
RV-VAE 33.82 3.19 0.31 0.40
MVU-AE (Ours) 26.82 3.23 0.52 0.53

resentation. In contrast, our model effectively reconstructs
image details and reduces artifacts by applying reasonable
regularization to ensure the latent representation is an unbi-
ased representation with lower variance. We further conduct
unconditional image generation on CelebA-HQ dataset and
the results are shown in Tab. 2. Our model still shows im-
provement in the FID and IS on different kinds of datasets.
It shows that an accurate, informative, and complete latent
representation is beneficial in producing unconditional im-
ages for diffusion model.

5.3. Qualitative Evaluation

We present the reconstructed images generated by our model
on the ADE20K, CelebA-HQ, and FFHQ datasets, as il-
lustrated in Appendix B.1. The results demonstrate high-
quality reconstruction with realistic details and natural, vivid
colors. The reconstructed images effectively preserve fine-
grained features, showcasing the capability of our model to
faithfully represent both texture and structure in complex
scenes. Fig. 3 shows the results generated by each model un-
conditionally. Our model produces images with reasonable
details in human faces.

5.4. Cross-domain Evaluation

The generalization performance of VAE, VQGAN, WAE,
RV-VAE and our model on MS-COCO, LSDIR, and DIV2K
is examined. These models are trained on ADE20K with a
resolution of 256 x 256 and tested on the aforementioned
datasets. As shown in Fig. 4, our model produces impres-
sive visual results. This demonstrates the accuracy of latent
representations and the ability to generalize to cross-domain
images while still achieving accurate reconstruction com-
pared to other models. Additional visualization results can
be found in the Appendix B.3.
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RV-VAE

VQGAN

Figure 3. Unconditional generation results on CelebA-HQ from different models.

Table 3. Quantitative cross-domain evaluation. All the models are
trained on the ADE20K dataset and tested on MS-COCO, LSDIR
and DIV2K datasets.

MS-COCO LSDIR DIV2K

Method

PSNR1 SSIM1 LPIPS| PSNR7 SSIM1 LPIPS| PSNR*T SSIM*T LPIPS |

VAE 2622 0.79 0.082 21.71 0.71 0.110 21.15 0.70 0.109
VQGAN 2348 0.68 0.221 2043 0.61 0.282 19.88 0.58 0.292
WAE 2561 0.78 0.091 2147 0.69 0.121 2099 0.68 0.120
RV-VAE 2620 0.79 0.083 21.55 0.70 0.113 21.08 0.69 0.111
Ours 2691 0.82 0.069 21.96 0.73 0.090 21.44 0.73 0.089

Ground Truth Ours VAE VQGAN WAE RV-VAE

Figure 4. Visualization for cross-domain evaluation. All the mod-
els are trained on the ADE20K dataset and tested on (a) MS-COCO,
(b) LSDIR, and (c) DIV2K datasets.

5.5. Interpolability and Variance Evaluation

To further evaluate the interpolability of the latent space, we
compute the Perceptual Path Length (PPL) (Karras, 2019)
for our model and compare it with other state-of-the-art
models. The results are shown in Tab. 4. Our MVU-AE
model achieves a lower PPL score, indicating smoother
transitions in the latent space.

The experimental results in Tab. 4 present the variance in the
latent representation z across various models. Our proposed
MVU-AE model achieves lower variance, significantly sur-

Table 4. Interpolability and Variance results on ADE20K, CelebA-
HQ and FFHQ from different models.

Method ADE20K CelebA-HQ FFHQ
Var,  PPL|  Varl PPL|  Var] PPL|
VAE 5739 1293 81.81 1012 9506  10.05
VQGAN 1101 1803142 975 744283 996 787031
WAE 10336 1225 5632 1024 21529 11.62
RV-VAE 1776 1601 2673 2155 2514  11.87
Ours 0.95 1082 073 9.16 0.76 8.61

passing other models. This reduced variance in MVU-AE
signifies a more stable and consistent latent representation,
which is essential for dependable downstream tasks such
as reconstruction and generation. These results confirm
that our MVU-AE not only generates high-quality images
but also maintains a smooth and interpolative latent space,
which is crucial for various downstream tasks such as image
interpolation and manipulation.

6. Conclusion

This study addresses key challenges in Variational Autoen-
coders (VAEs), including latent alignment bias, structural
inductive bias, and reconstruction quality. Leveraging clas-
sical statistical principles, we propose the deep Minimum
Variance Unbiased (d-MVU) Conditions, which optimize
latent space by reducing variance while preserving unbi-
asedness. Our MVU-AE model outperforms existing ap-
proaches, demonstrating lower latent variance, improved
stability, and enhanced reconstruction and generative capa-
bilities. By integrating deterministic modeling, alternative
divergence metrics, and advanced statistical techniques, our
work bridges traditional statistics and modern deep learning.
This research lays the foundation for future exploration of
unbiased estimation in generative modeling, fostering more
efficient and interpretable models.
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Impact Statement

Our work advances Machine Learning by improving the ef-
fectiveness and interpretability of Variational Autoencoders
(VAEs) through the Deep Minimum Variance Unbiased con-
ditions, enhancing stability and reliability in generative mod-
eling. Applications include medical imaging, scientific sim-
ulations, and content creation, benefiting from improved
representation learning and data compression. Overall, our
study contributes to the advancement of generative model-
ing with no immediate ethical concerns beyond standard
best practices.
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A. Proof Details

A.1. Proof: If there is no leftover subspace in Z, then Z is complete.

Proof.(By contradiction) Suppose Z is not complete, that is, there exists a non-trivial function of Z with zero-average.
Formally,

E[f(£))=0 and f(2)#0. (26)
Then there exists zq such that f(z9) # 0. Let f© = {f(2) : f(2) > 0} and f~ = {f(2) : f(2) < 0}. For each points
(20, f(20)), 2 can roam in the hyperplane, akin the set Sy(z,) = {£: f(2) = f(%0)} without changing E[f(2)]. In order to
keep E[f(2)] = 0, we could let 2 move across the hyperplanes and only to adjust its corresponding points in f* or f~. For
instance, if f(2) € f, change some points in f~ correspondingly could maintain E[f(2)] = 0. Therefore, 2 can move
freely in the direction that those hyperplanes form and determine, that is, Z has free degrees which form a leftover subspace.
A.2. Proof: Z in VAE is not sufficient nor complete in d-MVU conditions sense.
Proof. Since ¢, (z|z) — N (0, I), which means some information in X is lost, thus I (x|z) # 0.Therefore,

I(z%z|z) = H (z|z) — H (z|z,2") = H (z]|z) >0 (27)

violating the definition of sufficiency. As for completeness, consider the KL term of VAE loss:
1
53 (15 @) + 05 () = 210g 0 () ~ 1), (8)
J

which encourages 1 and o to be 0 and 1 respectively. Since 2 (z) = p (z) and E,p g2+ [2 (z)] = 0, define a subspace
U = {j : z; = 0}, then we can construct a function

F@=> % (29)
jeu
Every z; is sampled from A/ (0, 1), thus
E[f(2)]=0 (30)

but f (%) # 0. This proves that there is a leftover subspace U of  that being ignored during training. Therefore, the latent
representation Z is not sufficient nor complete.
A.3. Proof: Z in VQ-VAE is both sufficient and complete in -MVU conditions sense.
Proof. In VQVAE, a codebook {ej, }~_, is learned and

2q (z):argngnHE(:c)fekH. 3D

We define the residual r (z) = E () — z, (), consider the optimal situation that the STE trick works so E () is correctly
optimized and thus become unbiased. Then

B [2q (2)] = B [E (2) — 7 (2)] = 2" = B [r (2)]. (32)

E [z4 (x)] = 2z* if and only if E [r (z)] = 0. Unfortunately, nothing ensures this will always happen because clustering
cannot ensure zero-expectation residual. Therefore, z, is not an unbiased estimator of z*. As for sufficiency,

T(2"5lzg) = H (2lzg) — H (2]zg, 2") = H (2]z) ~ H (| E (X)) 0 (33)

The approximation means if the codebook is well trained, it can store the same information as F (X ) does. And if encoder
is well-trained, all information of dataset X has been stored in E (X). Thus z, is a sufficient latent representation. As for
completeness, we claim that there is no free degrees in z,. This is because, if there exists a free degree, which means z, can
be any value in that dimension with zero average. However, this violates the quantization loss because each degree in z,
determines the exact position of z,. Moving freely has possibility to affect the assignments of z, thus increasing Lquan as
we have proved in Sec. 3. Hence the quantization loss prevents leftover subspace in z, and ensures the completeness.
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A.4. Lemma 1. Proof Details
Lemma 1. Under the constraint of Lquan;, any shift in 2 will result in an increase in Lqyant.

Proof. Let Z5(z) = 2(x) + 0, and for each , let the best matching centroid be
k*(x;90) = argmkin 125(x) — ex?.
Define the quantization loss as:

Lauani(8) = AE, [||Z5(z) — ex=(0)||7] - (34)

Since ey« (0) is the centroid of all points assigned to cluster k, it follows that:

1
er-(0) = ot 25(x),
g 15K(0)] x%;(é) ’ 35)

where Sy (0) = {z : k" (z;9) = k}.

Let ¢, (0) = m 2 zesi(s) 2o(x) and ¢ (0) = m 2_zesi(s) 2o(). Here, ¢ (8) represents the centroid of points in
%5 assigned to cluster &, under the decision boundary determined by Zs. Similarly, ¢k (0) represents the centroid of points in
Zo assigned to cluster &, under the same decision boundary. Then:

€S ()
1
- 50 3 (E@) +8(2)) (36)
RO wese(8)

Since ¢ (8) = ex+(0), as both denote the centroid of cluster &k under the decision boundary of 25, the quantization loss
becomes:

L =2Y T Iose) — en- DI

k= 1x€5k(6)

=AZ S llE@) +6 = (ck(0) + 0)[I? 37)
k= 1z€SA(5)

:AZ ST E@) - a0
k=1x€S}(5)

If the decision boundary of the clusters does not change after the shift §, we have:

quant )‘Z Z ”z _Ck )H2

k=1z€S(5)

AZ Y lIE@) — e(O)?

k=1z€S(0)
= Equant(0)~
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However, if the decision boundary of the clusters changes, we have:

quant )‘Z Z ”Z _C’C )”2

k= 1m€Sk(6
(39)
>\ Z > lE@) = a0
k=1 z€54(0)
= £quant(0)~
Therefore, we have proven that:
Equant(é) Z Equant(o)- (40)
A.5. Lemma 2. Proof Details
Lemma 2. A shift in 2 will not increase the reconstruction 1oss L.
Proof. Consider the reconstruction loss:
Liec = E, [||lz — Do(2(2))]?] . 41)

Define the shifted reconstruction loss as:

Lree(8) = By [l — Do (25(2))|1%]
E; [|lz — Do(2(z) + 6)|?] (42)
E R

2 [l = Do (2(2)) 7] ,

where 0’ represents the updated decoder parameters corresponding to the shifted latent representation.

It is worth noting that if Dy.(z) = Dy(z + J), the reconstruction loss L. will remain unchanged. This adjustment can be
achieved by updating the decoder parameters during training. Therefore, a shift ¢ applied to Z does not affect L.

B. More Visualization Results
B.1. More reconsturction results

We provide reconstruction results on the ADE20K, CelebA-HQ and FFHQ datasets in Fig. 6. The results indicate that our
approach consistently achieves high-fidelity reconstructions, even for complex and diverse image distributions.

B.2. More generation results

We provide additional unconditional generation results on the CelebA-HQ datasets in Fig. 5, showcasing the qualitative
performance of our proposed MVU-AE model, diverse, and realistic images. Compared to existing methods, MVU-AE
reduces artifacts, preserves structural consistency, and captures fine details like facial features, textures, and lighting. Its
stable latent space ensures consistency while maintaining diversity, avoiding mode collapse. Future work may explore
scaling to larger datasets or integrating diffusion-based methods for further improvement.

B.3. More cross-domain results

We provide additional cross-domain reconstruction results on MS-COCO, LSDIR, and DIV2K datasets, as shown in Fig. 7
respectively. In comparison of different datasets, our model outperforms other models in reconstructing various elements
such as animals, buildings, text, and landscapes. For instance, our model reproduces the shape of the railing more accurately,
and the fox’s eyes are more faithful. These results highlight the potential of the d-MVU conditions in cross-domain. The
flexible and informative latent representation enhance the capability to capture more details of image.
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v,

Figure 5. Additional unconditional generation results on CelebA-HQ dataset
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Figure 7. Additional cross-domain reconstruction results on (a) MS-COCO, (b) LSDIR, (c) DIV2K datasets
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